With the aim of the extension of the TDHF theory in the canonical form in the Lipkin model, the trial state for the variation is constructed, which is an extension of the Slater determinant. The canonicity condition is imposed to formulate the variational approach in the canonical form. A possible solution of the canonicity condition is given and the zero-point fluctuation induced by the uncertainty principle is investigated. As an application, the ground state energy is evaluated.
§1. Introduction
The time-dependent Hartree-Fock (TDHF) theory is one of powerful methods to investigate the dynamics of quantum many-fermion systems. Especially, this theory has been developed in nuclear many-body problems. 1) The TDHF theory and the Hartree-Fock approximation are formulated based on the variational method. In these methods, the trial state for the variation is prepared to describe the many-fermion system. The Slater determinant is usually adopted as a possible trial state. This state gives a possible classical counterpart of the quantum many-fermion system. For this purpose, the TDHF theory with the canonical form presents a suitable treatment. In this treatment, the canonicity condition plays an essential and a central role. 2) , 3) This trial state however may be regarded as a kind of the coherent state.
In the many-boson systems, the coherent state also gives the classical image of quantum many-boson systems. We have been formulated the time-dependent variational approach to quantum many-boson systems including appropriate quantum fluctuations for the systems under consideration. 4), 5) Then, the squeezed state is applied to the variation as a possible trial state.
In quantum many-fermion systems, one of the present authors (Y.T.) together with Yamamura and Kuriyama have constructed the trial state in both the pairing 6) and the Lipkin models 7) corresponding to the boson squeezed state. In these models, the Hamiltonian can be expressed in terms of the quasi-spin operators. Then, the Slater determinantal state is identical with the su(2)-coherent state. In this sense, we thus call the extended trial state the quasi-spin squeezed state. We have constructed the variational approximation, which presents the result of the Hartree-Fock approximation, in the Lipkin model. 7) Then, this variational method using the quasi-spin squeezed state gives the results obtained in the random phase approximation (RPA) in the certain approximation. 8), 5) As a result, our quasispin squeezed state approach to the Lipkin model is a possible extension of the Hartree-Fock approximation.
In this paper, with the aim of extension of our previous work to the time-dependent variational approach to the Lipkin model, we investigate a possible solution of the canonicity condition in the quasi-spin squeezed state. The canonicity condition plays a central role to formulate the TDHF theory in the canonical form. Thus, we can construct the extended TDHF theory, in which we use the quasi-spin squeezed state as a trial state instead of the Slater determinant, in the canonical form. Also, the effect of the zero-point oscillation induced by the uncertainty principle is investigated in terms of the canonical variables. Then, as one of applications, the ground state energy is calculated approximately by considering the above-mentioned zero-point oscillation. The comparison of the ground state energies obtained by various states, except for the quasi-spin squeezed state, is also reported in 9). This paper is organized as follows. In the next section, the Lipkin model is recapitulated containing the notations. In §3, the Slater determinant is used to describe the Lipkin model.
In §4, a possible extension of the trial state for the variation is given. This state corresponds to the boson coherent state in the many-boson systems. Further, the canonicity conditions are imposed and a possible solutions of these conditions are given. Also, the way to obtain the approximate solution is discussed. The original idea to solve the canonicity condition is found in Ref. 10) . In §5, the energy expectation value is calculated including the zero-point fluctuation induced by the uncertainty principle. The last section is devoted to a summary. §2. Recapitulation of the Lipkin model In this paper, we give a possible extension of the TDHF theory in the case of the Lipkin model. We consider 2Ω fermions moving in two single-particle levels with the same degeneracy 2Ω. Here, Ω is a positive integer, and for the convenience of later treatment, we use a half-integer j defined by Ω = j + 1/2 and an additional quantum number m to distinguish each single-particle state. As the free vacuum |0 , we can adopt a state in which one level is occupied by all fermions under consideration. This level may be called hole-level and the other particle-level. In this model, we introduce the following set of operators :
Here, m runs from −j to +j and (a * jm , a jm ) and (b * jm , b jm ) denote particle and hole operators in the particle and hole state jm, respectively. They are fermion operators. The set (Ŝ + ,Ŝ − ,Ŝ 0 ) satisfies the su(2) algebra obeying the relations
In order to give a transparent connection to boson system, which we have already given the form, it may be convenient to define the quantitieŝ
3)
The set (Ŝ * ,Â,N) satisfies the relations
The first relation shows that ifN/Ω is negligible, the operatorsÂ andÂ * can be regarded as boson operators. Further, we defineQ,P andR in the following forms :
The operatorsQ,P andR satisfy the relationŝ
In this case, also, ifN/2Ω is negligible,Q andP can be regarded as the coordinate and its canonical momentum andR becomes unit operator.
For the operatorsQ andP satisfying the relations (2 . 6) and (2 . 7), we have the following uncertainty relation :
∆Q · ∆P ≥h/2 · | R | . The symbol Ô denotes the expectation value of the operatorÔ for an arbitrary state | .
This relation can be proved by preparing the relations
where, for arbitrary real number y,Ŷ * andŶ are defined aŝ
(2 . 11) §3. Slater determinant as a trial state for the variation First, we introduce the following state :
where Φ(A * A) is given by
The state |φ(A) is a Slater determinant with the condition
The factor Φ(A * A) reduces to exp(A * A/2) at the limit A * A/2Ω → 0 and the state |φ(A) becomes a coherent state in boson system.
With the help of the following canonicity condition, we introduce a set of canonical variables (X * , X) :
Of course, the variables X * and X obey the Poisson bracket relation {X, X * } P = 1. Further, the equation of motion for X * and X are given by the variational principle in the previous paper. The explicit calculation of the left-hand side of Eq.(3 . 4) gives
A possible solution of Eqs.(3 . 4) and (3 . 5) is given by
With the use of the above relations (3 . 6), we can express all relations in our present treatment in terms of X * and X.
The TDHF theory in the Lipkin model consists of the expectation values of the operatorŝ A * ,Â andN for the state |φ(A) :
The above expectation values are for the state |φ(A) . We can see that they are classical counterparts of the Holstein-Primakof type boson representation of the su(2) algebra. If X * X/2Ω is negligible, the relations (3 . 7) show that the expectation values ofÂ * andÂ are reduced to the canonical variables X * and X. Then, the factor 1 − X * X/2Ω can be attributed to the blocking effect, a kind of quantum effects, which comes from the exclusion principle. As was mentioned in §1, our main interest is to clarify the effect of the zero-point oscillation induced by the uncertainty principle. Therefore, as our terminology, we include the blocking effect in the classical counterpart.
With the aim of investigating the effect of the uncertainty principle, we calculate the square order of the expectation values of the operatorsÂ * ,Â andN :
Using the above relations, we can set the following result for the state |φ(A) :
With the use of the relations (2 . 5), (3 . 8), (3 . 12) and (3 . 13), we have the uncertainty relation
From the above relation, we see that at the limit X * X/2Ω → 0 or 1, (∆Q) 2 →h/2, 
Here, Q and P denote φ|Q|φ and φ|P |φ , respectively. We can see that if X * X/2Ω → 0 or 1, the above results are reduced to those given in the coherent state of the boson system.
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The parts Q and P show the classical parts, and the additional denote the effects of the zero-point oscillation.
Finally, we show the square of the quasi-spin, the results of which are
Certainly, the above results show that the quantum fluctuations can be taken into account in our treatment. The above is given in the framework of the Slater determinant and it may be possible to give an understanding that the Slater determinant plays the same role as that of the coherent state in the boson system. Therefore, it cannot give a zero-point energy appropriate for the Hamiltonian, for example, Here, the operatorB satisfies the condition
The normalization factor Ψ (B * B) is given as
Let us show possible forms of the operatorsB * andB together with the factor Ψ (B * B). For this purpose, we introduce the following set of the operatorŝ
Here, (α * jm , α jm ) and (β * jm , β jm ) denote fermion operators. The vacuum is |φ(A) . The explicit forms are as follows :
Here, U and V are defined by
They satisfy the relation U 2 + V * V = 1. In the same way as that of the case (2 . 3), we define the operatorB * andB satisfying the relation (4 . 2), together withM , aŝ 
Then, A * and A should obey
A solution of (4 . 13) is obtained in the form
where K(Y * Y ) is given as a solution of the equation
Since B * and B are functions of only Y * and Y , the parameters A * and A should satisfy the relation
The above relation comes from Eq.(4 . 12) for Z = X. A solution of Eq.(4 . 18) is given by We are now at the position to calculate the expectation values of the operatorsÂ * and so on for the state |ψ(A, B) . For this purpose, first, we list up the relationŝ
Next, we show the expectation values ofB * and so on :
Here, ψ|Ô|ψ denotes the expectation value for the state |ψ (A, B) . With the use of the
The simplest approximate forms of K and L are as follows : 
(4 . 33)
In addition to the above cases, we show the following results : together with Eqs.(4 . 31) and (4 . 32), we can obtain the results shown as follows :
With the use of the above relations, we can calculate (P 2 +Q 2 )/2 , which is shown in the next section. The square of the quasi-spin is expressed as 
Here, we introduce the other sets of canonical variables, which correspond to the action and angle variables, as
Since the state |ψ has been constructed after the boson squeezed state, the variables Y and Y * represent a certain kind of the fluctuation. Thus, n Y is supposed to be a small value compared to the order 1. Then, the relation (5 . 1) can be approximated up to the order of √ n Y as
In this approximation, if the value √ n Y satisfies 
The expectation values Ĥ ch and Ĥ sq with respect to both states |φ in (3 . 1) and |ψ in 
Here, as for Ĥ sq , we have approximated the expectation value up to the order of √ n Y and we use Eq.(5 . 4). Let us find the minimum energy state. Then, we set up ϕ X = ϕ Y = 0. Further, the condition ∂ Ĥ ch,sq /∂n X = 0 is imposed. As a result, Here, we define
In Fig.1 , the energy expectation values are depicted compared with the exact ground state energy eigenvalues with Ω = 8 and ǫ = 1. The horizontal axis represents χ ′ and the vertical axis represents the energy. The expectation value with respect to |ψ is close to the exact energy eigenvalue compared with the usual Slater determinant approach. However, χ ′ > 1.5, the Ĥ sq is rather bad. The reason is clear because the expansion of √ n Y is no longer valid in this region, which is shown in Fig.2 where √ n Y is depicted. Further, in Fig.3 , the energy expectation values and the exact energy eigenvalues are depicted with χ ′ = 1.25 and ǫ = 1.
The horizontal axis represents Ω and the vertical axis represents the energy. It is shown that the expectation values with respect to |ψ reproduce the exact energy eigenvalues compared with the usual Slater determinant approach. We have shown that an idea to extend the TDHF theory in the canonical form could be formulated based on the use of the state extended from the Slater determinant. The essential ingredients are to use the extended state from the Slater determinant and to impose the canonicity conditions. This extended state, which we call a quasi-spin squeezed state in the Lipkin model in our previous papers 6), 7) was a kind of the squeezed state in comparison with the su(2)-coherent state. This state was constructed similar to the usual boson squeezed state. By imposing the canonicity conditions for the variables which characterizes the coherent part and the squeezed part, we could obtain the sets of canonical variables.
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Thus, it becomes possible to formulate the extended TDHF theory as a canonical form.
As an application, the zero-point fluctuation induced by the uncertainty principle was investigated and the ground state energy was evaluated within a certain approximation. It has been shown that the ground state energy is well reproduced compared with the results obtained by using the Slater determinant in the region where the approximation is valid. If the approximation applied in this paper is not carried out, the result may be good in all the region of the force strength. The dynamics will be investigated in our extended TDHF theory. This is a future problem. 11) 
